Abstract. While iterating the quadratic polynomial f c (x) = x 2 + c the degree of the iterates grows very rapidly, and therefore solving the equations corresponding to periodic orbits becomes very difficult even for periodic orbits with a low period. In this work we present a new iteration model by introducing a change of variables into an (u, v)-plane, which changes situation drastically. As an excellent example of this we can compare equations of orbits period four on (x, c)-and (u, v)-planes. In the latter case, this equation is of degree two with respect to u and it can be solved explicitly. In former case the corresponding equation ((((x 2 + c)
Introduction
The dynamics of quadratic polynomials is often studied by using the family of maps f c (x) = x 2 +c, where c ∈ C (see, for example, [3] , [6] and [10] ). The orbit of the point x 0 ∈ C is the sequence of points x 0 , x 1 , x 2 , . . ., where x n = f c (x n−1 ) = f n c (x 0 ). In this work a central role is played by the periodic orbits or cycles of f c for which f n c (x 0 ) = x 0 for some n ∈ N. Now the number n is the period of the orbit and x 0 , x 1 , x 2 , . . . x n−1 are periodic points of period n.
In this paper, we obtain the equations for the periodic orbits 1 − 5 of the family f c by iterating the function
and forming the corresponding iterating system on the (u, v)-plane (in Section 2). The function G is a two-dimensional quadratic polynomial map which is defined in the complex 2-space C 2 and its iteration reveals the dynamics of f c . We will also compare the (u, v)-plane model to the (x, y)-plane model, which was introduced by Erkama in [5] . The purpose of developing this new model is that we obtain equations of periodic orbits of lower degree, which are easier to handle.
In the article [5] Erkama studied the dynamics of the polynomial family f c by iterating the function F (x, y) = (y, y 2 + y − x 2 ) 2 n = 1, 2, 3, . . . .
In this case (x, y) is a periodic point of period n so F n (x, y) = (x, y), if and only if P n (x, y) = x. The set of periodic points is the union of all orbits whose period divides n. The formula P n = x n was given by (1.2) x n = x 1 + (x 1 − x 0 ) n−1 ν=1 (x 0 + x n−1 )(x 0 + x n−2 ) . . . (x 0 + x n−ν ),
where n ≥ 2. Periodic orbits form algebraic curves corresponding to their periods. In this paper we present (in Sections 3 − 6) the equations of these curves for periods 1−5 on the (u, v)-plane. We also compare the figures of the real curves on the (u, v)-plane as well as on the (x, y)-plane.
Figures and period equations of the (x, y)-plane for periods 1 − 4 have appeared in [5] , but period five in both cases and all models of the (u, v)-plane are previously unpublished. Moreover, we study the locations of neutral, attracting and repulsive fixed points on these curves ( [1] and [2] ) by using a suitable eigenvalue formula. By plotting attracting periodic points of the function G we obtain a new version of the well-known period doubling bifurcation diagram (see, for example, [4] , [7] and [9] ) where the algebraic curves are of lower degree than previously ( Figure 18 ). In the case of the function F (x, y) we obtain Figure 17.
A new two-dimensional model for the quadratic family f c on the (u, v)-plane
It is well known that the dynamics of each quadratic polynomial is equivalent to the dynamics of f c for some c ∈ C. In this section we form a new iteration model in which equations of periodic orbits are of remarkably lower of degree than in the earlier models. The new model is obtained from the (x, y)-plane model in [5] by the change of parameters
Note that already this model obtained by Erkama on to the (x, y)-plane is of lower degree than other earlier models. Let's check first some essential properties of the (u, v)-plane.
Theorem 2.1. Singularities of the (x, y)-plane correspond to points (u, v) = (0, 0) and
Proof. According to (1.2) we get
Since u = x 0 + x 1 and v = x 0 + x 2 , it follows by the previous formula that Now y = u − x so we can solve x and y in terms of variables u and v as follows
We see easily that singularities of both of these expressions are u = 0 and u = ∞. Furthermore, when u = 0 it follows that also v = 0.
In the (x, y)-plane the mapping
produces the parabola f c (x) = x 2 + c depending on the point c in the parameter space. In that case the orbits of periodic curves P n (x, y) = x are tangents to parabolas y = f c (x) at intersection points where period doubling occurs (see in [5] , Figure 1 ). The same way on the (u, v)-plane using formulas (2.1), the mapping
produces a curve which corresponds to a point c in the parameter space. Similarly on the (u, v)-plane the orbits of periodic curves are tangents to curves (2.3) at the bifurcation points. Curves c(x, y) = y − x 2 and c(u, v) It was obtained in [5] that the real Mandelbrot set of the function
On the line x = 0 lie so called central critical points of F (see theorem (2.3) ). This means that there is always one critical point on the curve at every critical cycle of every period. In what follows we check the Mandelbrot set on the (u, v)-plane when
Now the Mandelbrot set M(G) of the function G(u, v) includes all points c ∈ C such that the sequence {G n (c, c 2 + c)} is bounded. The sequence {G n (c, c 2 + c)} is bounded in the space C 2 , if and only if the sequence {f n c (0)} is bounded in the space C. 
Proof. If x = 0 on the (x, y)-plane, it follows that u = y on the (u, v)-plane. The first equation of (2.1) implies v = u 2 +u(1−2x) and thus we get v = u 2 +u = y 2 +y on the line x = 0. Now by (2.4) at the endpoints we have v(−2) = 2 and v( . So the real Mandelbrot set on the (u, v)-plane is on the parabola v = u 2 + u (see Figure 16 ), which is also so called critical curve of the function G like we see by the next result.
This curve v = u 2 + u includes also all central critical points on (u, v)-plane. Let us define the universal filled Julia set K(G) as the set of all points (u, v) ∈ C 2 such that the sequence {G n (u, v)} is bounded. Then the Mandelbrot set can also be described as the intersection of K(G) with the parabola v = u 2 + u.
For the critical points we have λ n (x, y) = 0, n = 1, 2, 3, . . ..
we obtain, based on the chain rule,
Since ∂P 1 (x, y)/∂x = 0 and ∂P 1 (x, y)/∂y = 1, the critical points lie on the line x = 0. Now by (2.1) we get (u
In our new (u, v)-plane model we write
By using formulas (2.1) we get
Now the dynamics of the (u, v)-plane is determined be the iteration of the function G defined by
where
when n = 0, 1, 2, . . ..
The set of periodic points is the union of all orbits, whose period divides n.
Due to the form of the definition of an eigenvalue on the
Now the Jacobian of the function
For the periodic points (u, v) of period n we have R n (u, v) = u. Because of this, the eigenvalue λ n (u, v) of a periodic point of period n of the function G n (u, v) is of the form
when n = 1, 2, . . .. On the (u, v)-plane fixed points and periodic points are classified in the following way:
when n = 1, 2, 3, . . ..
Periodic orbits of periods 1 − 2
In this section we obtain periodic orbit equations of period one and two, and classify these points based on definition 2.5 on the (u, v)-plane.
Fixed points of period one on the (u, v)-plane satisfy a pair of equations
The first equation is equivalent with
When u = −1, the second equation is not satisfied so v = u is the only solution for both of them. Thus v = u is the equation of period one orbits. We obtain neutral periodic points of period one when v = u, and by (2.8) the eigenvalue is
and thus these are (u, v) = (−1, −1) and (u, v) = (1, 1) (corresponding on the (x, y)-plane to (x, y) = (−1/2, −1/2) and (x, y) = (1/2, 1/2)). Thus the only real bifurcation point is (u, v) = (−1, −1) (corresponding on the (x, y)-plane to (x, y) = (−1/2, −1/2)), which we obtained as the intersection of period one and two orbits ( Figures 5 and 6 ). The origin is the only critical point (or super-attracting point) and it is located on the parabola v = u 2 + u. Because of that the line segment
is located in the Fatou set. We see this clearly in the bifurcation diagram ( Figure  18 ). Similarly the origin is the only critical point on the (x, y)-plane. Naturally the complement
is an affine variety of period one, is located in the Julia set.
As for periodic points of period two, they satisfy the pair of equations
The first equation can be written in the form
and therefore u = −1 is the equation of period two orbits, because it is the only one satisfied by the pair of equations (3.2). We obtain neutral periodic orbits of period two when u = −1 in the formula
and this is equivalent with the pair of equations
, which is a double root. The real neutral cycles of period two are thus (−1,
and these include also a neutral fixed point of period one. The bifurcation points of period two are also real neutral periodic points of period two and they are (u, v) = (−1, Figure 6 ), as well as (x, y) = (
) and (x, y) = (
) on the (x, y)-plane ( Figure 5 ). Bifurcation points of period two are obtained also as intersection points of period four orbit, because the curve of period two bifurcates to curves of period four. We obtain all critical points of period two when the eigenvalue equation 
belongs to the Julia set. When we solve the pair of equations (2.7) to higher periods, the situation gets complicated very fast due to the growth of degree in the equations. The following result is very useful in sections 4 − 6.
Theorem 3.1. The pair of equations
where n = 0, 1, 2, . . ., satisfies the equation of period n + 1 orbits.
Proof. Let us define P k+1 = x 2 k + c and P l+1 = x 2 l + c, when k, l ∈ N. Now we notice that
, and so
we get the next product by using (3.4), as follows:
Let us assume that
and the assertion follows. Similarly
4. Periodic orbits of period 3
Fixed points of period three satisfy the pair of equations (4.1)
On the other hand, we know that (3.3) is satisfied for period three orbits, when
Using formulas (3.1) and (3.2), it follows that the previous equation (4.2) takes the form, which can be factorized as
where both of polynomials are undivisible. This equation is satisfied when
Solutions of the latter equation are
which does not satisfy system of equations (4.1). Instead, the solution
is the equation for the period three orbits. Moreover we notice that the pair of equations The equation (4.3) for period three is of degree three on the (x, y)-plane for both variables and its solutions are
where A = 8 27
x − 23 108 and
by Cardano's formulas. There is a remarkable difference compared to the equation (4.3), which is only degree one on the (u, v)-plane. The eigenvalue of period three in the (u, v)-plane is
Now we get neutral periodic points by solving the pair of equations
Also in the case of period three, neutral fixed points are bifurcation points. The system of equations (4.4) produces neutral fixed points and also all cycles of bifurcation points of period three. All bifurcation points of period three (there are 18 but the
are roots of order three) are shown in Table 3 .1. Out of them six are real (two cycles of three points) and eight are complex points. We see the real points in Figure 4 . Also we see what parts of period three curves belong to the Julia and the Fatou sets. Attracting periodic points form well known windows of period three in the bifurcation diagram, which we see clearly in the lowest part in pictures both on the (u, v)-plane (Figure 18 ) and the (x, y)-plane (Figure 17) . 
We obtain all critical points or super-attractive points ( Table 3. 2) as solutions of the pair of equations (4.5)
But then according to theorem 2.3 the central critical points of the (u, v)-plane lie on the curve v = u 2 + u. Thus we obtain one point at each critical cycle of period three as a solution of the pair of equations
A great benefit of this method is that the system of equations is of significantly lower degree than system (4.5). The pair of equations (4.6) is equivalent with the equation The rest of the points of the cycles are naturally obtained by iteration of the function G.
Further, we can also obtain all critical points of period three by calculating intersection points of tangent curves using, for example, the article of Stephenson and Ridgway [11] . In their article Stephenson and Ridgway have listed points of different periods on the line x = 0 (central critical points (0, c) on the (x, y)-plane). These points correspond to the bottom points of parabolas (2.2) 
Periodic orbits of period 4
Fixed points of period four satisfy the pair of equations
In addition, we know that (3.3) is satisfied by period four orbits, when
When we substitute these formulas of R 1 , R 2 and R 3 into (5.2) and factorize, we get
This formula includes orbits of period two. Equation (5.3) is also satisfied when b = 0 or c = 0. Due to the intersection of curves of period four and two at the bifurcation points, period four orbits must be satisfied by u = −1. By substituting this to the equation b = 0 we get
the solutions of which are the bifurcation points v = −1 ± √ 2. Further if we substitute u = −1 to the equation c = 0 we obtain v − 1 = 0. This is the asymptotic line for the period four curve. In conclusion, the equation of period four curves is
which can be written as
and solved explicitly as for factor u:
On the (x, y)-plane the degree of the equation of period four orbits is six for both factors, thus it is impossible to solve them explicitly. The equation of period four orbits has been presented in the literature before now explicitly only twice; T. Erkama [5] presented nearly the same form at 2006 and also Morton [8] presented a corresponding solution, but in a more complicated form at 1998. Morton's solution of period four orbits equation by using model P (x) = x 2 + c is
,
The eigenvalue of period four on the (u, v)-plane is
, where
13
We obtain bifurcation points of period four as solutions of system of equations
which have 56 solutions all together. Real bifurcation points can be seen in Figure  8 , where they are the intersection points of curves of period four and eigenvalues |λ 4 (u, v)| = 1. The central critical points are obtained as solutions of the pair of equations
which is equivalent with the equation
A numerical approximation of its solutions are
In Table 4 .2 all critical points of period four have been presented. There are 24 points all together, six cycles out of which two is real.
Periodic orbits of period 5
Orbits of period five satisfy a pair of equations
According to (3. 3) the equation
contains orbits of period five. By the formulas (2.7) we obtain R 4 by iteration and using the terms computed earlier. Since ((R 4 , Q 4 ) = G(R 3 , Q 3 )), it follows that Next substitute formulas for R 1 , R 2 , R 3 and R 4 by using (3.1), (3.2), (4.1) and (6.3) to equation (6.2) and factorize this irreducible form to obtain
It is well known that orbits of period five are not solvable explicitly. The eigenvalue of period five on the (u, v)-plane is
The bifurcation points are produced by the pair of equations
which have altogether 194 solutions. Real bifurcation points of period five, observed in the Figure 12 , are the intersection points of period five curves and eigenvalue curves |λ 5 (u, v)| = 1. The central critical points are obtained as solutions of the pair of equations of the critical curve v = u 2 + u and the period five orbits
which is equivalent with the equation The real central critical points are (see [11] There are altogether 75 critical points.
Appendix
Pictures of periodic orbit curves, curves of eigenvalues and bifurcation diagrams on the (u, v)-and the (x, y)-plane. 
